A new proof of the Grauert direct image theorem based on methods of functional analysis is given.
Let / : M -► N be a proper morphism of complex spaces, and let £ be a coherent sheaf on M. The generalized direct images Rpf*£ are the sheaves on N associated with the presheaves V -► 77P(/_1(V), £.). One denotes by f\£, the complex consisting of sheaves Rpf*£ and having zero differentials. Grauert's direct image theorem (see [1] ) asserts that all the sheaves 7?p/»£ are coherent on N. Our aim is to give a proof of the theorem for readers more familiar with functional analysis than with the theory of complex spaces. There are two main differences between the present proof and that of Forster and Knorr [2] . First, we give a canonical construction, perhaps simpler, of a resolution of the direct image. Second, the coherence of the homology sheaves of this resolution is obtained as a corollary of some general facts concerning parameterized complexes of Fréchet spaces, which may be of independent interest.
In §1 we construct a resolution of the direct image by infinite-dimensional free sheaves-i.e., by sheaves of germs of holomorphic vector-functions with values in a Fréchet space. The construction is based on the notion of a parameterized Koszul complex for a commuting n-tuple of operators introduced in [3] . Note that the construction is in some sense canonical (see §4). The other main step in the proof is a parameterized variant of the L. Schwartz perturbation theorem (Lemma 3.1). We use this assertion in the same manner as the classical Schwartz theorem is used in the Cartan-Serre proof of the finiteness theorem. An important step in the proof of Lemma 3.1 is Lemma 2.1, which asserts that the lifting for any parameterized complex that admits a lifting of holomorphic sections can be done with uniform estimates. Applying Lemma 3.1 to the infinite-dimensional resolution constructed in §1, we show that this resolution is quasi-isomorphic to a complex of free sheaves of finite type, and therefore all its homology sheaves are coherent, which is the statement of Grauert's theorem. DEFINITION. A holomorphic parameterized complex of Fréchet spaces X.(X) on the domain U is a system {X¿, d¿(A)}, where X¿ are Fréchet spaces and dz(X) : X¿ -* Xi+i are bounded operators, holomorphically depending on the parameter X £ U and satisfying (7¿+i(A)ocí¿(A) = 0. All complexes will be assumed bounded; i.e. Xi = 0 for |¿| sufficiently large. We shall denote by OX the sheaf of germs of holomorphic functions with values in the Fréchet space X, and by OX. = {0Xl, dz(X)} the complex of sheaves of germs of holomorphic sections of the complex X.(X) on U. {En, d} is a complex. Now, let T = (Ti,..., Tn) be a commuting n-tuple of linear operators acting in the Fréchet space X. Recall that the parameterized Koszul complex K.(T,X)(X) for the n-tuple T in X (cf. [3] ) is the holomorphic parameterized complex on C" equal at the point À = (At,..., An) £ Cn to the Koszul complex for the operators Ti -Ai7,... ,Tn -XnI in X. Recall that each of the components of the parameterized Koszul complex is a direct sum of finitely many copies of the space X, and the differentials are matrices whose entries are linear functions of Ti,..., Tn and Ai,..., An. This construction can be performed in a more general situation. Let X.(p) = {Xi,di(p)} be a holomorphic complex of Fréchet spaces on the domain U, and let T = (Ti,..., Tn) be an n-tuple of commuting endomorphisms of the complex X(p)-i.e., the action of Ti,... ,T" on the spaces Xt commutes with the differentials di(p). Then each differential di(p) induces a morphism of complexes
In such a way we obtain a holomorphic Again from Lemma 1.2 it follows that this morphism induces a quasi-isomorphism of the corresponding complexes of sheaves of holomorphic sections on V. Now consider the superposition KRrjy o KRu,w-It is easy to see that this morphism induces a quasi-isomorphism of the complexes of sheaves of holomorphic sections, and all components of this morphism are compact operators. In §3 we show that this implies that all homology sheaves of the complex OKC(S,U, £) are coherent, which is the statement of the Grauert theorem.
Lifting of sections of exact parameterized
complexes. If a given parameterized complex of Banach spaces is pointwise exact on some domain, then the complexes of holomorphic or continuous sections are also exact (see [3] ). However, this is not true for parameterized complexes of Fréchet spaces. Because of this we consider here a more special class of exact complexes. to a bounded holomorphic complex consisting of finite-dimensional spaces. It is well known that the homology sheaves of a bounded complex, consisting of finite-dimensional free 0 -modules, are coherent-i.e., roughly speaking, they can be represented by a finite number of generators and a finite number of relations between the generators. Therefore, if X.(X) is O-Fredholm, then all the homology sheaves of the complex OX. are coherent. It is also easy to prove the converse assertion, but we do not use it in this paper.
It will be necessary for our purposes to consider another more complicated definition of O-exactness. (ii) For all polydisks U included in some fixed compact subset K C D the constants C(U,p) and q(U,p) can be chosen to be independent of U.
Note the following property of A-exact complexes: if An £ K is a sequence of points and xn £ X¿ is a sequence of elements satisfying di(Xn)xn >-► 0, then there exists a sequence un £ Xt such that un >-> 0 and dt(Xn)un -di(Xn)xn.
It is easy to see that any A-exact complex is O-exact. We shall prove the converse statement. LEMMA 2.1. Let A be a class of holomorphic complexes defined on the polydisk D C C" such that (1) If the differentials of the complex X. do not depend on X, then X. belongs to A. The complex 77(7),X.) is an exact constant complex of Fréchet spaces. Denote by K.(M, 77(7), X.))(X) the bicomplex consisting of the parameterized Koszul complexes for the n-tuple M in the spaces H(D,Xi). (1) and (2) show that the corresponding total complex (denote it by KX.(X)) belongs to A. On the other hand, PROOF. It is sufficient to consider the case when the domain of definition is a polydisk.
We have to prove that the class of all A-exact complexes satisfies requirements (l)- (4) .
In order to prove (1), note that the continuous selection theorem allows us to lift any function from A(U, Im di) up to a continuous X¿-valued function on U. Applying to this function the standard projection from the space C(U,Xi) of all continuous Xj-valued functions to the space A(U,Xi) (see [4, Chapter II, §3]), we obtain the necessary lifting. Conditions (2) and (4) can be obtained by a standard diagram chase. To check (2) it is only necessary to control the norms of corresponding elements at each step of the proof.
We shall prove (3), using an induction on the dimension n of the polydisk D. When n = 1, then the considered complex has the form 0 -» 77(7), X) M^XI 77(7), X) A^] X -0, and the requirement can be directly checked. Suppose that (3) It is easy to see that the total complex of the bicomplex, formed by the first two columns, is equal to the Koszul complex K. (M,H(D,X) )(X).
Then from (2) we obtain between the complexes K.(M, 77(7), X))(X) and K.(M', 77(7)', X))(X) an Aquasi-isomorphism compatible with the evaluation morphism. Using the inductive assumption and property (4), we obtain that the complex considered in (3) is Aexact, which completes the proof. We need an intermediate result. PROOF. Fix a compact neighborhood W of Ao in D. We can suppose that for any n, i, X £ W we have ||di(A)x||n < ||x||n, ||s¿(A)x||n < ||x||n, and for any positive m,n there exists a constant Dmn such that for all i ||7Qx||m < 7)m,"]|x||". Fix the seminorms || -||p on X¿ and || • ||r on l¿_i.
It follows from the A-exactness of the cone of K. that there exist natural numbers q, s and a constant C such that for any U C W, x(X) £ A(U,Xi+ï), y(X) £ A(U,Yi) satisfying di+i(X)x(X), Fix e > 0. Since the sequence xn can be chosen arbitrarily and the constant C" does not depend on the choice, one can find a neighborhood V = V(e) of Ao such that for any A £ V and any x £ kerc¿¿+i(A) with ||x||9 < 1, there exists an element z £ X satisfying ||z||p < C" and ||x -di(X)z\\q < e. Now we need to find a canonical choice of an element z. Using the compactness of Ki, we can choose a finite-dimensional subspace 77 of X¿ such that for any z £ Xi, ||z||p < 1, there exists z £ 77 such that ||¿||p < 1, ||7Í¿2 -TQz||t < e/C. 
